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Les écoulements turbulents fortement aérés représentent actuellement un challenge au niveau des méthodes numériques 
et de modèles mathématiques. Ce travail consiste en la comparaison de données issues d’expériences réalisées en canal 
et de simulations numériques sur le ressaut hydraulique. Les résultats présentés illustrent l’interaction forte entre 
modélisations physique et numérique. Le but est de participer à l’effort de recherche en modélisation de tels 
écoulements afin de dépasser les limitations rencontrées par les méthodes actuelles. 
 
Numerical simulation of air entrainment and turbulence in a hydraulic jump 
The highly turbulent air-water flows represent a major challenge in terms of mathematical and numerical modellings. 
Herein a detailed comparison between experimental and numerical modelling of hydraulic jumps is presented. The 
results highlight the interactions between physical and numerical modelling. The findings give some new insights into 
the complexity of the problem as well as the status of existing numerical techniques and validation methods. 
I INTRODUCTION 
A hydraulic jump is the sudden transition from a high-velocity, supercritical open channel flow into a 
slow-moving, sub-critical flow [1-2-3-4]. It is characterised by a sudden rise of the free-surface, with some 
strong energy dissipation and mixing, large-scale turbulence, air entrainment, waves and spray. Some major 
advances in the knowledge of the hydrodynamics and air entrainment processes occurring in the hydraulic 
jump were recently achieved experimentally [5-6-7-8-9]. Nevertheless, the turbulent flow structure is very 
complicated, and a numerical approach may provide a complete and accurate description of free-surface and 
velocity evolutions in both the air and water phases, leading to a better understanding of energy dissipation 
and turbulent flow structures generation processes. On the basis of well-documented experiments [6-8], a 
numerical study is presented based upon Large Eddy Simulations (LES). The LES technique has already 
been found to be a reliable method for the unsteady simulation of the Navier-Stokes equations. The aim of 
this contribution is to evaluate the capability of the numerical tool to reproduce the flow and to identify the 
numerical limitations. The work is mostly dedicated to the implementation of the initial conditions, deduced 
from the experiments. 
II NUMERICAL MODEL 
An incompressible multiphase phase flow between non-miscible fluids can be described by the Navier-
Stokes equations in their multiphase form. In the single fluid formulation of the problem, a phase function C, 
or "colour" function, is used to locate the different fluids standing C = 0 in the outer media, C = 1 in the 
considered medium. The colour function is somehow equivalent to the liquid fraction. The interface between 
a medium and the entire domain is repaired by the discontinuity of C between 0 and 1. In practice, C = 0.5 is 
used to characterize this surface. The governing equations for the Large Eddy Simulation (LES) of an 
incompressible fluid flow are classically derived by applying a convolution filter to the unsteady Navier-
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Stokes equations. The turbulent viscosity is calculated with the Mixed Scale model [10], which has proved 
its accuracy for coastal applications [11-12]. A dual grid, or underlying grid, is used to gain an improved 
accuracy for the interface description, the mesh grid size being divided by two in each direction for the 
interface tracking. This technique also allows to avoid the interpolations of the physical characteristics on the 
staggered grids, since the phase function is defined on each point where viscosities and densities are needed. 
The interface tracking is achieved by a Volume Of Fluid method (VOF): i.e. a Lax-Wendroff TVD scheme 
(Total Variation Diminishing), which is able to handle interface reconnections without interface 
reconstruction, is used to solve directly the free-surface evolutions. The MPI library is used to parallelize the 
code. The mesh is partitioned into equal size sub-domains to ensure load balancing. Communications 
between processors are also minimized. The HYPRE parallel solver and pre-conditioner library is used to 
solve the linear systems. The prediction and correction steps are solved, respectively, thanks to a BiCGStab 
solver, associated with a point Jacobi pre-conditioner, and a GMRES solver, associated with a multigrid pre-
conditioner. The numerical code was already extensively verified and validated through numerous test-cases 
including mesh refinement analysis [12-13]. The accuracy of the numerical schemes and the conservation 
laws of mass and energy in the computational domain were accurately verified. All the details and references 
for the numerical methods used to solve the equations can be found in [13]. 
III NUMERICAL MODELLING OF A TURBULENT HYDRAULIC JUMP 
The experiments were performed in the Gordon McKay Hydraulics Laboratory at the University of 
Queensland [6-8]. The channel was horizontal, 3.2 long and 0.5 m wide. The subcritical flow downstream of 
the hydraulic jump was controlled by a vertical overshoot gate (Fig. 1). The channel was fed by a constant 
head tank. 
 
 
Fig. 1 - Definition sketch of the experimental flow configuration studied at the University of Queensland [6-8]. 
III.1 Presentation of the case study 
The numerical configuration consisted in starting with the initial data (free-surface, velocity, pressure) 
deduced from the experimental results. The averaged and fitted quantities obtained from the experimental 
data were used as a way to converge faster to a stationary hydraulic jump, without simulating the whole 
process of generation that took several minutes to get a steady and developed flow. 
The two-dimensional numerical domain was 4 m long and 1.2 m high. A no-slip condition was imposed at 
the upper and lower boundaries of the numerical domain. At the left side of the numerical domain, an inlet 
velocity condition (V1≈2.6 m.s-1) was imposed to let the water flow below an undershoot vertical gate, the 
inlet height being d1=0.0265 m. At the right side of the numerical domain, an overshoot vertical gate was 
located at x = 3.2 m as for the experimental configuration. The outlet velocity (Vout≈0.71 m.s-1) was fixed at 
the right boundary of the numerical domain with the outlet height hout=0.097 m. The time step was chosen to 
ensure a Courant-Friedrichs-Levy number less than 0.1. The calculations were conducted with the densities 
and the viscosities of air and water (ρa=1.1768 kg.m-3 and ρw=1000 kg.m-3, μa=1.85 x 10-5 kg.m-1.s-1 and 
μw=1 x 10-3 kg.m-1.s-1). The numerical domain was discretised into 1800 x 800 Cartesian cells and partitioned 
into 64 sub-domains (one processor per sub-domain). In the region of interest, the mesh grid size was 
uniform (Δx≈2.22 x 10-3 m and Δz=1.2 x 10-3 m). 
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Among all the experiments performed by [6-8], we conducted the numerical simulations of a hydraulic 
jump presenting a relatively low rate of air entrainment (Table 1). In the next section, we introduce the initial 
conditions set in the water. Note that the air was at rest at the beginning of the simulation. 
 
Froude number Fr1 = 5.09 
Reynolds number Re = 6.8 x 104 
Flow discharge Qw = (m3/s) 0.0344 
Inflow depth d1 = (m) 0.0265 
Inflow velocity V1 = (m/s) 2.5962 
Upstream total head above channel invert H1 = (m) 0.370 
Distance between the upstream gate and the jump toe x1 = (m) 1.0 
Length of the aerated region  Lair ≈ (m) 1.1 to 1.2 
Downstream height of the hydraulic jump d2 = (m) 0.178 
Overshoot gate height h = (m) 0.097 
Table 1 - Summary of inflow flow conditions. 
III.2 Initial conditions  
In the hydraulics laboratory, several minutes were needed to reach a quasi-steady state with the physcial 
experiment. In order to save some CPU time, we used the time-averaged fitted experimental results to initiate 
the numerical simulation. The initial free-surface profile was assumed from the void fraction measurements 
[5-6]. In the hydraulic jump roller (1≤ x ≤3.2 m), the free-surface elevation may be fitted by: 
( )12.9075 (x x )d 0.1590 1.1542 e− × −= × −  (5) 
From x=0 to x=1 m, the inflow depth d1 and the uniform inflow velocity V1 were imposed by the upstream 
undershoot gate conditions. In the hydraulic jump roller (0 < (x-x1) < Lair), the turbulent velocity 
measurements showed that the time-averaged velocity distributions followed closely a wall jet solution [1-5], 
while the flow visualisations suggested some negative recirculation in the upper flow region of the roller that 
was modelled by the addition of Vrecirc in the velocity distribution. The velocity distribution was 
approximated by: 
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where yVmax is the elevation where the velocity is maximum (V=Vmax) and y0.5 is the vertical elevation where 
V = 0.5Vmax. We selected: 
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The maximum velocity Vmax must satisfy the continuity equation for the water phase. The recirculation 
velocity Vrecirc may be grossly approximated as: 
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Downstream of the hydraulic jump roller, the vertical velocity was quasi-uniform. The hydrostatic pressure 
was initialised in the water domain. During the initialisation stage, some splashing was observed to occur. 
Some numerical errors could develop if the computational domain was not high enough. Since the upstream 
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total head was proportional to the maximum energy of the flow, the vertical extent of the computational 
domain was selected to be higher than the upstream total head H1 defined as: 
g2
V
dH
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11 ×+=  (11) 
where d1 and V1 are respectively the upstream flow depth velocity. 
In the following section, we present the numerical results obtained for the initialization phase of the 
hydraulic jump. 
 
 
Fig. 2 - Definition sketch of the numerical flow configuration. Blue: water domain. White: air domain 
 
III.3 Results 
At t=0 s, the flow was driven by the initial velocity profiles set in the water domain and by the boundary 
conditions (Fig. 2). The velocity and pressure profiles were in equilibrium and continuous, except at two 
locations: namely the toe of the hydraulic jump and the downstream overshoot gate. 
When the numerical simulation started, the upstream water jet impacted onto the body of the hydraulic 
jump at x=1 m (i.e. the jump toe). A large tongue of water was pushed to grow and extended upwards (Fig. 
3-a). It then fell down by gravity and impacted the incident water blade (Fig. 3-b). Many splash-ups were 
generated, a lot of air pockets were entrained before breaking in smaller parts, and many water droplets were 
projected (Fig. 3-c). A plunging water jet was generated above the overshoot downstream gate. It fell down 
under the action of the gravity force and hit the rectangular water volume flowing towards the right side of 
the numerical domain (Fig. 3). Again, many water droplets and air bubbles were observed. The flow was 
very chaotic and turbulent in the whole numerical domain (Fig. 3-d). The air domain which was initialised at 
rest was also very agitated. 
In the first few seconds of the simulation, the results tended to be qualitatively reasonable and the flow 
behaved as physically expected. However, some limitations were soon observed and affected adversely the 
simulation. The flow did not tend to a stationary state because of some numerical diffusion of the free-
surface. Several minutes of the flow were simulated. The numerical results showed that, after several 
minutes, the free-surface description was inaccurate leading to a wrong flow description. Simply the 
numerical methods need some drastic improvements to deal with such a complicated flow. 
Moreover, the numerical simulations of hydraulic jumps involved some large sizes of numerical domains, 
with both small scales of turbulence and free-surface deformations. A large number of mesh grid points were 
needed to reach all the small length-scales. Even with parallel simulations, large CPU time of calculations 
was required to simulate a sufficient time to reach a steady state in the aerated zone of the hydraulic jump 
and to perform some correct averaging in time, thus calculating the turbulent quantities. In this study, more 
than a million and a half of numerical iterations were performed for almost three minutes of physical time 
simulated, corresponding to 300 hours of computation time with 64 processors. 
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a) t=0.14 s 
 
b) t=0.34 s 
 
c) t=0.5 s 
 
d) t=0.73 s 
Fig. 3 – Initialisation phase of the hydraulic jump numerical model. 
 
IV CONCLUSIONS  
The simulations based upon the two-phase Navier-Stokes equations are very demanding in terms of CPU 
time and computer facilities. The solution of the Navier-Stokes equations in an air/water configuration with a 
free-surface is a real challenge because of the strong interface deformations and air entrainment [14]. This 
was highlighted again in the present study with a simple free-surface flow: i.e., the hydraulic jump. 
Some flawed description of air/water mixing was responsible for the present difficulties in modelling air 
entrainment in a hydraulic jump. The two-dimensional simulation of turbulence was not a limitation in this 
case because of the difficulties occurring in the treatment of the interface leading to the inaccurate flow 
behaviour. The classical numerical schemes (VOF-TVD) used to deal with interface tracking were inefficient 
to treat such a chaotic flow with strong interface deformations, break-ups and high shear levels. 
Further advances in numerical simulations of hydraulic jumps are first a matter of free-surface tracking 
accuracy. Our present perspective is to develop an interface reconstruction method (VOF-PLIC improved 
with a smoothing step). Taking into account the mixture of air and water is crucial and this remains still one 
of the major challenges in the coming years, although new physical experimental results are available for 
validation. An effort must also be made to propose models for industrial, engineering and environmental 
applications. 
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